The finite-size scaling algorithm based on bulk and surface renormalization of de Oliveira is tested on q-state Potts models in dimensions D = 2 and 3. Our Monte Carlo data clearly distinguish between first-and second-order phase transitions. Continuous-q analytic calculations performed for small lattices show a clear tendency of the magnetic exponent ~J = D-fl/v to reach a plateau for increasing values of q, which is consistent with the first-order transition value ~J = D. Monte Carlo data confirm this trend.
INTRODUCTION
A new type of renormalization or finite-size scaling algorithm was proposed some time ago t~ and tested on a variety of modelsJ 2~ For spin-1/2 Ising models, it is based on a majority rule for either all spins of the system or the spins on two opposite-surfaces of the finite system under consideration. Basically, the surface criterion tests whether the two opposite surfaces have predominantly the same magnetization or are mostly uncorrelated. In this way one finds out whether the system is in a singledomain state o~ is divided into many domains with different signs of the magnetization. In the q-state Potts model 13) each spin can be in one of q different states, q = 2 corresponding to the usual Ising model. Accordingly, we now check, for the two opposite surfaces of the lattice, which spin state dominates one surface and which the other one. If both surfaces are dominated by the same state, a counter is increased by 1; if they are dominated by two different states, this counter is decreased by I/(q-1 ). If there is no correlation between the two surfaces, the average value of this counter thus stays at zero, whereas for well-correlated surfaces due to longrange ferromagnetic order, the counter is increased by one unit each time it is measured. At the end, we normalize the counter by the number of measurements, denoting the result by g--; in the thermodynamic limit, Y-is unity for well-correlated surfaces (temperature T<T,.) and zero for uncorrelated ones (T> T,.), i.e., a step function of T--T,.. We start with a random distribution of spins, wait until equilibrium has been established at the given temperature T> To, then decrease the temperature slightly for a new equilibrium situation, and so-on until T < Tc is reached.
In this form this criterion holds for second-order transitions where the correlation length diverges. At a first-order transition, however, the correlation length remains finite, and thus a multidomain state is possible also below the phase transition temperature, if all coexisting states have the same energy. This is the case for the q-state Potts model in two dimensions if q is larger than 4, and in three dimensions if q is at least 3. We thus expect in a simulation below the transition temperature that for a secondorder transition the normalized counter is close to one for all samples, whereas for a first-order transition it is close to zero in some samples and close to one in others, for lattice sizes not larger than the correlation length.
The complications inherent to the first-order transition can be avoided if, instead of cooling down slowly from a random initial configuration, we heat up slowly an initially ordered configuration where all spins are the same. Then, below the transition temperature the normalized counter should stay near unity, and should jump to zero if we heat above the transition temperature.
We have written a C-language program which stores eight lattices in 32-bit words, allowing 0 <q< 16. We ran it on PC's for testing in two dimensions, and on IBM Powerstations for runs with up to 658 x 658 and 106 x 106 x 106 spins. Sites were updated regularly; for each Monte Carlo updating a new direction for the spin was selected randomly and accepted with the usual thermal probability of the Metropolis technique. As we adopted periodic boundary conditions, the above-mentioned two opposing surfaces of an L • L x L cubic lattice correspond to two parallel planes L/2 lattice parameters apart from each other. In order to improve the statistics,
